Unique existence and boundary stabilization of
a wave equation associated with an integral
equation*!

Le Van Ut!

Abstract

The aim in this paper is to deal with a linear wave equation as an
initial-boundary value problem in which the unknown function and
the unknown boundary value satisfy an appropriate integral equation.
The first step is to prove the unique existence of the problem under
the weaker initial condition than what in [11], the proof is based on
Galerkin approximation associated with a Schauder’s fixed point the-
orem and some compact standards. The second part is devoted to the
study of global existence and the decay of both unknown function and
unknown boundary value.

1 Introduction
We study the following problem

Uy — Uze + Fu,uy) = fz,t), 0<zx<1,0<t<T,
u(0,t) =0,

—uy(1,t) = P(t),

u(z,0) = ug(x), ue(x,0) = uq(z),

—_ = =

(1.1
(1.2
(1.3
(14

— — ~— “—

where F'(u,u;) = Ku 4+ Auy, with K, A are given constants and wg, uq, f
are given functions satisfying conditions specified later, and the unknown
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function u(z,t) and the unknown boundary value P(t) satisfy the following
integral equation

Pt) = u(1, ) + w(1,1) + g(t) — /Ot k(t — s)u(l, 5)ds, (1.5)

where g, k are given functions.

In [13] Santos studied the asymptotic behavior of the solution of problem
(1.1), (1.2), (1.4) associated with a boundary condition of memory type at
x =1 as follows

u(1, 1) —i—/otg(t— p(s)ua(l, $)ds = 0, ¢ 0. (1.6)

To make such a difficult condition more simplified, Santos transformed (1.6)
into (1.3), (1.5).

In [8], the problem (1.1)-(1.5) is formed from the problem (1.1)-(1.4)
wherein, the unknown function u(x,t) and the unknown boundary value P(t)
satisfy the following Cauchy problem for an ordinary differential equation as
follows

{P//(t) +w?P(t) = hug(1,t), 0<t<T, (1.7)

P(0) =F, FP(0)=rh,

where h > 0,w > 0, Fy, P, are given constants.

In [1], N.T. An and N.D. Trieu have studied a special case of problem
(L.1)-(1.4), (1.7) with ug = u1 = Py = 0 and F(u,w;) = Ku + Auy, with
K > 0,\ > 0 are given constants. In the later case the problem (1.1)-(1.4)
and (1.7) is a mathematical model describing the shock of a rigid body and
a linear viscoelastic bar resting on a rigid base [1].

From (1.7) we represent P(t) in terms of Py, Py, w, h, u(1,t) and then by
integrating by parts, we have

P(t) = hu(1,t) — g(t) — /0 k(t — s)u(l, s)ds, (1.8)
where

g(t) = —(Po — hug(1)) coswt — i(Pl — huy (1)) sinwt, (1.9)
k(t) = hwsinwt. (1.10)



In [2] Bergounioux, Long and Dinh studied problem (1.1), (1.4) with the
mixed boundary conditions (1.2), (1.3) standing for

u;(0,t) = hu(0,t) + g(t) — /t k(t — s)u(0, s)ds, (1.11)

uz(1,t) + Kyu(l,t) + \ug(1,t) = 0, (1.12)
where

g(t) = (Po — huo(0)) coswt + — ! (P1 huy (0)) sin wt, (1.13)

k(t) = hw sin wt. (1.14)

for h > 0,w >0, Py, P, K, \, Ki, \; are given constants.

In [6], Long, Dinh and Diem obtained the unique existence, regularity
and asymptotic expansion of the problem (1.1)-(1.4) in the case of Q(t) =
Kyu(1,t) + Mu(1,t),u,(0,¢) = P(t) where P(t) satisfies (1.7) with uy(1,1)
is replaced by (0, t).

In [11], Long, Ut and Truc gave the unique existence, stability, regular-
ity in time variable and asymptotic expansion for the solution of problem
(1.1)-(1.5) when F(u,u;) = Ku+ Aug. In this case, the problem (1.1)-(1.5)
is the mathematical model describing a shock problem involving a linear
viscoelastic bar.

The present paper consists of two main parts. In part 1, for (ug,u;) €
H'x >, KA e R, f € LY(0,T;L?),g € L*(0,T),k € L*(0,T), we prove a
theorem of existence and uniqueness of a weak solution (u, P) of problem
(1.1)-(1.5). In the proof, we use the Galerkin approximation associated with
a Schauder’s fixed point theorem and some compact standards. The second
part is devoted to the study of global existence and the decay of the solution
(u(t), P(t)) with respect to ¢. We first study the decay of the component
u(t) of the solution (u(t), P(t)) under more restrictive conditions, namely 0 <
(K| < (2—e1—382)/7,0 < A < 2—2e9—4|K|, f € LY (R, ; L)NLA(R,; LZ),g €

LX(Ry), kb€ LY(Ry), [7° etg?(t)dt < +oo, [ at(fo (t—s) ds) dt <

+00, f0+°o e®|| f(t)||*dt < +o0, for some a, e1,e5 > 0, where h(t fo |k(t —

s)|ds. Later by modifying some stronger assumptions, we obtam the decays
of both u(t) and P(t) in which we also base on a theorem of unique existence
for problem (1.1)-(1.5) published in [11]. The results obtained here may be
considered as the generalizations of those in An and Trieu [1] and in Long,
Dinh, Santos, Ut and Truc ([2], [4], [7] — [11], [13]).



2 Existence and uniqueness

Put @ = (0,1),Q = Q x (0,+00),Qr = 2 x (0,7),T > 0. We omit the

definitions of usual function space: C™(Q2),LP = LP(Q2), W™P(§2). We denote
Wme = Wmp(Q), LP = WOP(Q), H™ = W™2(Q), 1< p < 0o, m = 0,1, ..

The norm in L? is denoted by || - || We also denote by (,-) the scalar
product in L? or pair of dual scalar product of a continuous linear functional
with an element of a function space. We denote by || - ||x the norm of a

Banach space X and by X' the dual space of X. We denote by LP(0,7T; X),
1 < p < oo for the Banach space of the real functions u : (0,7) — X
measurable, such that

1/p

T
[ll 1o o730 = (/ ||U(t)||§(dt) <oo for 1<p<oo,
0

and
[l oo 0,7y = esssup [lu(t)[|x  for  p=oo.
0<t<T
Let u(t), w/(t) = w(t), ' (t) = uu(t), us(t), us(t) denote u(z,t), $(z, 1),
%(x,t), g—j;(:):,t), %(x,t), respectively.
We put
V ={veH :v(0) =0}, (2.1)

a(u,v) = <8_:1c’ . ——dx. (2.2)

Ox Ox
Here V is a closed subspace of H' and on V, ||v||;: and [[v]l,, = v/a(v, )
are two equivalent norms.
We then have the following lemma.

ou 8v> B L ou Ov
0

Lemma 1. The imbedding V — C([0,1]) is compact and
lvlleqoay < llvllv, YoeV. (2.3)
The proof is straightforward and we omit the details.

Lemma 2. There exists the Hilbert orthonormal base {w;} of L* consisting
of the eigenfunctions {w;} corresponding to the eigenvalue \; such that

O<h<h<- <A<, lim A= o0, (2.4)
Jj—+o0
a(w;,v) = Aj{w;,v) forallveV,j=1,2,---. (2.5)

Furthermore, the sequence {w;/+/A;} is also the Hilbert orthonormal base of
V' with respect to the scalar product a(-,-).
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The proof of Lemma 2 can be found in [[12}, Theorem 6.2.1, p.137}, with
H = L? and V,a(-,) as defined by (2.1), (2.2).
We make the following assumptions:
(Hl) ug € Vyuy € L2,
(Hy) K,AeR,
(Hy)  feL\0.T;1?)
(Hy) g€ L*0,7),ke LY 0,T).

Then we have the following theorem.

Theorem 1. Let (Hy)-(Hy) hold. For T > 0, problem (1.1)-(1.5) has a
unique weak solution (u, P) satisfying

L>® T- e [° T: L?
{ue (0,T;V),u" € L>(0,T; L?), (2.6)

u(1,-) € L=(0,T) N HY(0,T), P € L*0,T).

Remark 1. The assumptions (H;), (H3), (H,) are weaker than what in [11].
However the solution of the corresponding problem in [11] has better prop-
erties.

Proof. The proof consists of four steps.

Step 1. Galerkin approximation.

Supposing that {w;} is a denumerable base of V' and orthonormal in L? as
in Lemma 2 (wj = w,;/ \//\_]) We find the approximate solution of problem
(1.1)-(1.5) as follows

m

U (£) =Y oy (t)wj, (2.7)

j=1
where the coefficients c,,; satisfy the following system of ordinary linear dif-
ferential equations

(U (£), @) + (tma (8), Wia) + P (0w (D) H(F (um (t), 17, (1)), w5)

. (2.8)
:<f t)’wj>v <j<m,
t
P(t) = un(1,t) +u, (1,t) + g(t) — / k(t — s)um (1, s)ds, (2.9)
0
with
U (0) = Ugm, = Y, mjwj — Ug strongly in V,
o (2.10)
ul (0) = Ut = Y Bjw; — strongly in L2
=1

The existence of the solution of the above system will be given in the following
lemma.



Lemma 3. Let (Hy) — (Hy) hold. For fized T > 0, the system (2.8)-(2.10)
has solution ¢ = (Cm1y Cmay "+ 5 Conm) on an interval [0,T,,] C [0, T7.

Proof. The mentioned system of ordinary equations is equivalent to

(

Zwﬂ,wn Cmj(t) + Po(H)wi(1) + (F (un (), uly (1)), w;)

(2.11)

By replacing (2.11)s into (2.11);, after some rearrangements, the system
(2.11) becomes

;

)+ [(wje, wia) + w; (1)wi(1)] e (¢ +Zw3 Jwi(1)ey,;(t)

Jj=1

|
S
£
7
~
|
NP
o
3
=
VA
_l’_
T
—
=
“g\
3
=
=
g

\Cmi(O) = O‘miacim‘(O) = /Bmh 1 S 1< m.
(2.12)

Omit the index m, we rewrite the system (2.12) as follows
A (t) + Y [(wey wia) + wy(Dwi(1)] e (8) + Y wi(Dwi(1)e (1)
j=1

< - ij(l)wi(l)/o k(t — s)cj(s)ds + (F(u(t), W' (t),w;)  (2.13)

= —g(t)w;(1) 4+ (f(t),w;), 1 <i<m,
(ci(0) = 4, c(0) =3;, 1<i<m.

Now we have the following system equivalent to system (2.13)
t
() = Fiy(t,c(t),d (1)) +/0 k(t — s)Fai(c(s))ds, (2.14)
Cz<0) = 0y, C z( ) 67,7 1 S ? S m,

6



where Fi; : [0, 7] x R?™ - R, Y : R™ - R, 1 <i<m,

(

Fultoct). () == 3 [<wjx,wm> " wj<1>wz-<1>} (1)

Put

(Ge),(t) = Fu(t, c(t), ¢ (1) + /t k(t — s)Fy(c(s))ds,0 < t < T. (2.16)

Then we have the following system

t) = (Ge),(t),0 <t <T,
{C(O)Za A(0) =i, 1<i<m, (2.17)

or

ci(t) = ai+ﬁi(t)+/0t dT/OT (Gc)i(s)ds = (Uc)i(t),O <t<T,1<i<m.
(2.18)

For ¢ = (c1,-++ ,¢m) € CH([0,T; R™), put Uc = ((Uc)r, -+, (Uc)m) where
(Uc)i, 1 <i <'m,is as in (2.18). We prove that, for T" is given, there exists
M > 0,T,, € (0,7] such that U : S — S has at least one fixed point in
S ={ce CH[0,T,.);R™) : |lc|l1 < M}, here the norm in C*(]0,T,,]; R™) is

defined as follows

m

lells = llello + lie'llo, llello = sup Je(®)ls, [e®)s = dola®l (2.19)

=4im i=1

e Mapping U : C'([0,T,,,]; R™) — C([0,T,,]; R™) is continuous.
For ¢ € CY([0,T;,]; R™), we have

(Ue)(t) :ﬁﬂ—/otFl,(s c(s ds+/ dT/ (7—5)Fa (c(s))ds. (2.20)



From (2.18)-(2.20) and assumptions (Hs), (Hy4), we deduce that (Uc)} is con-
tinuous on [0,7,,]. Hence, U : CY([0,T,,];R™) — CY([0,T;,];R™) is well
defined.

For {c,} c C'([0,T,); R™) such that ¢, — ¢ in C'([0, T;,]; R™), we have

(Ucy,)i(t) dr [(Gey)i(s) — (Ge)i(s)]ds
/ / } (2.21)
Ve (6= W0 = [ [Gehts) — (Gols))ds
Then we deduce that
|Ue, — Ucl|; < (Tﬁl + Tm) |Ge, — Gello. (2.22)
Besides, we have
(Ge)i() — (Got) =Fis (1., (1), (1)) — Fult, (). (1)
(2.23)

+ /0 k(t — s)Fa[cu(s) — c(s)]ds.

In addition, we also have
(

sup Z ‘FM f} C,, , V( )) — Fu’(t,C(t),C’(t))‘

0<t<Tm “=
< dufles = ello + dalle, = cllo + [Klllew = cllo + [Allle, = o,
sup Z / (t — s)Fai[cu(s) — c(s)]ds| < k|| 20,1 llew — cllo

| 0<t<Tim {5
(2.24)

where positive constants 6;( = 1,2, 3) only depend on w;(i = 1, m) and c.
From (2.22)-(2.24), we deduce that U is continuous on C'([0, T},]; R™).
e Now we show that U maps S into itself.

For ¢ € S, we have

t T
(Uc)i(t) =qa; + Git + / dT/ (Gc)i(s)ds,o <t<T,1<i<m,
0 0

(Uc);(t) =0 + /t (Gc)i(s)ds,O <t<T,,1<i<m.
(2.25)



Then we deduce from (2.25), that

3

(U ®)], <D Nl + T Y 18il + T [37 + TuB(M, T)),
r - (2.26)
[(Ue)' ®)], <Y 1Bl + 7 + TmB(M, T),

=1

3

where

M, T Z Ny(Fui, M) + |[E|| 21 0,y Na(Fai, M)],

1=
m

W—Z/Ungwuu»wh

0

Ni(Fri, M) = sup { Z [(

Jj=1

o) + wj<1>wi<1>}cj<t>\
ﬁ?w“ ) >‘ |cRm<A]4cRm<M}
ij D)0 el < 3}

Nz(Fm, = SUP{

(2.27)
Hence, we have from (2.26), (2.27), that

||Uc||1<2 0l +18]) +7r + T [Z|@|+7T+<1+T>5<M,T>] (2.28)

=1
By choosing M > 2{2(|ai| + 16:]) + WT}, and T,, € (0,7] such that
i=1

[ZWH +r+ (L +T)B(M, T)} < & Hence, ||Uc|ly < M for all ¢ € S,

that is, the operator U maps S the set into itself.
e Next, we show that the set US is a compact subset of C*([0,T,,]; R™).
Since US C S, US = {Uc, c € S} is bounded in C*([0, T,,,]; R™). Now we

have to prove US are equicontinuous in C*([0, T;,]; R™).



For ¢ € S,t,t' € [0,T,,], we have

(Ue),(t) = (Uc) (t') = Bi(t — ') /dT/ (Ge),

(2.29)
(Ue). (1) — (Ue) (t) = / (Ge) (s)d
Hence, it follows that
(V) (1) - b]m+w+nﬂMTﬁwwm
i=1 (2.30)

\(Uc)’(t) — (Uc) (t’)\1 < |nr+ B(M, T)] [t —t|,

where

nr = sup Z lg@llwi (V)] + 1{f(t), wi)l]- (2.31)

0<t<Tom =5

From (2.30), we deduce that US is equicontinuous in C'([0,T},]; R™) with
respect to the norm ||-||;. Applying Arzela-Ascoli’s theorem, we conclude that
US is compact in C*([0,T;,]; R™). By the Schauder fixed-point theorem, we
conclude that U has a fixed point ¢ € S. Hence, the proof of Lemma 3 is
complete. O

Using Lemma 3, for T > 0, fixed, system (2.8)-(2.10) has solution (u,,(t),

P,,(t)) on an interval [0,7},] C [0,T]. The following estimates allow one to
take T, = T for all m.
Step 2. A priori estimates. Substituting (2.9) into (2.8), then multiplying the
J equation of (2.8) by Cpn;(t) and summing up with respect to j, afterwards,
integrating by parts with respect to the time variable from 0 to ¢, we get
after some rearrangements

Sm(t) =S, (0) — 2/0 g(s)ul,(1,s)ds

4 2/(: u’m(l,s)(/osk(s - T)umu,f)df)ds
=2 [ o)t s =20 [ a0

+2A<ﬂ@ﬂ%@»@

(2.32)
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where

Sn(t) = N, (O + s (1 + i (1,8) + 2 /Ot [ur, (1, 8)[*ds. (2.33)
Using the inequality

2ab < ea® + %bﬁw, beR, forall e >0, (2.34)

and the following inequality

[t (1, 8)] < [t (8) [l oo @y < [tma (D] < v/ Sm(?), (2.35)

we shall estimate the following terms on the right-hand side of (2.32).
First integral.

t 1 t t
fi==2 [ s, (to)ds < 2 [ )i+ [ (1,9)Pds
0 0 0
t

< 1/0 g*(s)ds + gSm(t).

3

(2.36)

Second integral.

I = 2/Otu;n(l,s)(/osk‘(s—T)um(l,T)dT)dS

<g/ ! (1, 5)[2ds + ~ /t(/sk(s—r)um(l Hdr )st
/ (/ k(s — 7) |d7)</ (s — P, (1 T>dT>
sm<t>+§ukumom [ ([ s =t ryar s

By inverting the variables of integration between s and 7 for the integral in
the right-hand side of (2.37), we get

Son(t) + %Hkuym /t 2 (1 7 dT(/ 1 s—r)\ds)ds

S L RENEY

11
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(2.37)

I, <
(2.38)

l\.’)l(‘ﬂ N ™



Third integral.

1= 2 [ {un(s) 60 <2081 [ (6, bt ()t
<21 [ sl (239
<2lK] [ Su(s)ts
Fourth integral.
I = —2) /Ot I ()][2ds < 2] /Ot Son(s)ds. (2.40)
Fifth integral.
=2 [ty onas < [ 15t o)1
< [istas+ [ Mg elrds a0
< [ Wl + [ 176615

Since (Hp), we deduce the existence of positive constant M such that
S (0) < JJum|* + l[uoms|* + g, (1) < M. (2.42)

Combining (2.32),(2.36)-(2.42), we obtain

Sult) <eS(t) + - / (s)ds + / 1£(s)llds + M

‘1 (2.43)
o [ [t + 21120+ 1] Sut5)ts.
By choosing ¢ = %, we deduce that
¢ t
Sm(t) <2M + 2/ I1£(s)||ds + 4/ §2(s)ds
0 ) (2.44)

t
+ /0 [41ENL 02y + ALK+ AN+ (1 £ ()] Sin(5)ds.
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From assumptions (Hs), (Hy), there exists positive constant C; such that
oM + 2/(: 1£(s)lds + 4/; 2(s)ds < C1, ¥t € [0, 7). (2.45)
Then we receive from (2.44) and (2.45), that
Sm(t) < C1 + /Ot (41K 02) + AT+ 4N + (1 £ ()] Smn(5)ds.  (2.46)
By Gronwall’s inequality and assumption (Hj3), we obtain

t
Su(t) <Cy exp (4tuk||‘il(o,n + ]+ 43+ | Hf(8)||ds>

= Cr for all t € [0,T].

(2.47)

In addition, we have

P2(t) < 8{ufn(l,t)+|u’m(1,t)|2+92(t)—i—</0tk(t—s)um(l,s)ds>2}. (2.48)

Hence we get

T T T T
/ P2 (t)dt 58{/ ufn(l,t)dﬂ—/ |u;n(1,t)\2dt+/ g (t)dt
0 0 0 0

- . ) (2.49)
+/ (/ k(t—s)um(l,s)ds) dt].
0 0
Then, from (2.49) and assumption (H,), we deduce
1Pl 220y < M, (2.50)
where
_ Cr 2 ’ 2
0

Step 3. Limiting process. From (2.33), (2.47), (2.50), we deduce the existence
of a subsequence of {(u,, P,,)} still also so denoted, such that

(

Uy, — U In L>=(0,T;V) weak",

ul — ' in L®(0,T;L*) weak"
um(l,-) = u(l,:) in L>(0,T) weak", (2.52)
um(l,-) = u(l,:) in H'(0,T) weakly,

P, — P in L*(0,T) weakly.



By compact lemma of Lions [[5],p.57] and the imbedding H' — C°(%),
we're able to deduce from (2.52) the existence of a subsequence still denoted
by {(tm, Pn)} such that

(2.53)

Uy — U IN L*(Qr) strongly,
Un(1,) —u(l,:) in  C°([0,T]) strongly.

From (2.9), (2.52)4, we have

t

P,(t) — u(l,t) +u'(1,t) — / k(t — s)u(l,s)ds + g(t) = P(t) (2.54)

in L?(0,T) weakly.
Then we deduce from (2.52)5, (2.54), that

P(t) = P(t). (2.55)

Passing to the limit in (2.8)-(2.10) by (2.52)-(2.55), we have (u, P) satisfying
the problem

d ,

E(u (1), v) 4+ (ug(t),ve) + P(t)v(1) + (Ku(t) + M (t),v) (2.56)
= {f(t),v),Yv eV,

w(0) = ug, v’ (0) = uy, (2.57)

P(t) =u(1,t) +u'(1,t) — / k(t — s)u(l, s)ds + g(t). (2.58)

Step 4. The uniqueness of solution. Let uq,us be two weak solution of
problem (1.1)-(1.5) such that

(2.59)

u; € L0, T;V),u, € L>=(0,T; L?),
u(l,-) € L=(0,T) N HY0,T), P € L*(0,T).

Then (u, P) with u = u; —uy and P = P; — P; satisfy the variational problem

{(u“(t ) + (ug(t), v5) + P(H)o(1) + (Ku+ M, v) = 0,Yv €V, (2.60)
u(0) = u/(0) =0,
where

P(t) =u(1,t) +u'(1,t) — /t k(t — s)u(1, s)ds. (2.61)
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By taking v = v/ in (2.60);, then integrating in ¢, we get

S() zz/t d(1,5) (/Osk;(s - T)u(l,T)dT) ds

° . (2.62)
_2K/o <u(s),u'(s))ds—2)\/0 |2/ (s)]|*ds,
where
S(t) = ||/ )| + [Jua(t)|]* + u?(1,¢) + 2 /Ot [u'(1, 5)|*ds. (2.63)
Now we have some following estimations
S(t) = 'O + llua()II* + 2/; [/ (1, 5)|ds, (2.64)
(L, )] < flu@)llcom) < llua(®)] < V' S(D). (2.65)

By using (H4) and inequalities (2.64), (2.65), we deduce from (2.62), that

S(t) < S(t)+(2|K|+2|)\|+||k:||%1(0,T))/0 S(s)ds. (2.66)

1
2
Hence we obtain
t
S(t) < NT/ S(s)ds, (2.67)
0
where
Np = 2|K| + 2|\ + |kl|71 0.0 (2.68)
By Gronwall’s inequality, we deduce that
S(t) =0. (2.69)

In summary, Theorem 1 has been completely proved. O

3 Decay of solution

In this part we will consider the solution of problem (1.1)-(1.5) in the sense
of global existence and asymptotic behavior when ¢ — 400. We first modify
some following assumptions.
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(Hy) ANeRL,KecR:0<|K|<L—ce>0,
(Hy) AeRi, K €Rsuch that

0 < |K| < =152
0<A<2—2e —4]K],

for some €1, 5 > 0, and note that (H,) is a special case of (Hs) for
some €, 1,9 > 0 suitable,
(Hy)  f € LY(Ry; L2 NLA(Ry; L?),
(Hiy) g€ L*(Ry);k, h € L(Ry), where h(t) = [) [k(t — s)|ds,
(Hs)  There exists a constant o > 0 such that

et g2 (t)dt < +oo,

2
e at(fo (t —s)d ) dt < +oo0,
f0+°° || £()]|2dt < +oo.

Under assumptions (H,), (Hs) — (Hy) and for any T > 0, by Theorem 1,
problem (1.1)-(1.5) has a unique weak solution (u, P) satisfying

{u € L®(0,T; V), u' € L=(0,T; L?), 51)

u(l,-) € L=(0,T) N HY(0,T), P € L*0,T).
Then we have the following lemma.

Lemma 4. Suppose that (Hy),(Hy) — (Hy) hold. Then there is a unique
solution (u(t), P(t)) of problem (1.1)-(1.5) defined on R..
Moreover,

lu O + [lua()[* < C, ¥t > 0, (3.2)
where C' is a positive constant depending only on ug, uq, g, k, f.

Proof. By multiplying the equation (1.1) by u; and integrating over (0,1) X
(0,t), we obtain

S(t) =5(0) + Kllu(t)||* — K]fu(0)||* 2/0 g(s)u'(1, s)ds

+2/0tu'(1,3)</08k‘(8—T)u(l,T)dT)ds (3.3)

1 / (F(s), 4 (s))ds

16



where

S() =l O + lua(®)* + (1, 1) +2/ [W/'(1,5)]*ds
. 0 (3.4)
—1—2)\/0 |/ (s)||ds.

Using the same method of estimating in the proof of Theorem 1, we have
that

3

T :2/0tu’(1,s)</osk:(s—T)u(l,T)dT)ds

€ ~ 1 t t .
< 2500+ Lkl [ ([ s = rar)Ss)as,
0 s

Jy = —2/0 g(s)u'(1,s)ds < 1/0 g*(s)ds + gg(t), (3.5)
(3.6)

Jy=2 / (F(s),el () ds < / 1£(s)llds + / I8 ds. (37)
By (H,), (Hs), (H,), we deduce that

_ t t
5(0) ~ Kol + 2 / P(s)ds + / If@las< Zviz0. @)
0 0

where Cy is a positive constant independent of .
Combining (3.4)-(3.8) and using (H,), we obtain

50 o2 [ |kl [ 1k = nlar + 15| S(e)ds. (3.9

From (Hs), (Hy), we have that

/Ot(é“’fﬂuw,n / ks = e + ||f<s>||)ds
= éHkrIILl(o,T) /Ot (/OT|k(s—T)|ds)d7+/0t||f(s)||ds (3.10)

S 037Vt Z 07
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where (3 is a positive constant independent of ¢.
From (3.9),(3.10) and applying Gronwall’s inequality, we obtain

S(t) < Cyexp(Cs) = C,Vt > 0, (3.11)

where C' is a positive constant independent of ¢.
From (1.1),(3.4) and (3.11), we deduce that (u(t), P(t)) defined on R,. And
it follows that

S) = W' O + lua (B, (3.12)
then

|/ (&) |1” + fJua(8)|I* < C, ¥t > 0. (3.13)
Hence, Lemma 4 is completely proved. O

Theorem 2. Let (Hy), (Hs), (H3) — (Hs) hold. Then the component u(t) in
the weak solution (u(t), P(t)) of problem (1.1)-(1.5) decays exponentially to
zero ast — +o00 in the following sense: there exists positive constant N such
that

|/ (£)]1* + [Juz(t)||* < Ne™**, vt > 0. (3.14)
Proof. We use the following functional
E(t) = Eo(t) + Er(2), (3.15)

where

{Eoos) = & (O + l[ua ()] + u?(1,0), (3.16)

Then we have some following estimates

Estimating E(t).
From (3.16), we deduce that

| Ev(t)] < [Jug ()l (2) ]| + %UQ(H)
(3.17)

IN

%(Hu’(tw? + [Jua (1)1 + w*(1,1)).

From (3.15)-(3.17), we obtain the following estimation

SEult) < E(1) < © Bolt). (3.18)

18



FEstimating F'(t).
Differentiating (3.3) with respect to ¢, we get

Eq(t) + 2X[|u' (6)]1* + 2’ (1, 1)]?
= —2g(t)u/(1,t) + 2u/'(1 t)/ k(t — s)u(1, s)ds
= 2K (u(t), w'(t)) + 2(f(£), v'(

2
§g(+|ult|2 2/kt—s )
0

+ K| (ua O + 1/ (0)17) + —||f (O + el ()]
(3.19)

Then we receive from (3.19) after some rearrangements, that
1
Eg(t) + 2A=|K| = )l O” = [Kllua (I + 51/ (1, )

< g*(t) + 20(/0 k(t — s)ds) + gll||f(t)||2.
Now multiply the equation (1.1) by u, then integrate on (0, 1), we obtain
E{(t) = Il (01 + luz ()1 + u*(1, 1)
= —g(t)u(1,t) + u(1,t) /0 E(t — s)u(l,s)ds

— Klu()]]* = Mu/(t), u(t)) + (£(1), u(?))

< )+ %uz(l,t) 4 </0 R(t — s)u(l,s)ds) (3.21)
— Kllu(®)]* + %(HU'(??)H2 +lu(®)]?)
+ IO +

(3.20)

Hence,
Ei(t) — (1 + %) |’ () |1> + {1 — (\K| - % + 52)1 |z (0)])* + %u2(1,t)

(t) + C(/Otk(t - S)ds)2 + %@Hf(t)H?-

(3.22)

19



Combine (3.20),(3.22), we deduce that

B0+ 33— W+ K+ 2| Iw @1 + L (5 + 2181 +2) [luol?

2 2
+u?(1,t)
¢ 2 11
<op()+30( [ Ke-oas) + (L4 D)o
(3.23)
Put
fyzgmin{g)\—(l—kﬂ(’]—i—&),l—(%4—2’[(’-1-52)}, (3.24)

By assumption (f]g), we have v > 0. Then we get (3.23), that

E’(t)#—§ Eo(t) < 2¢*(t)+3C /tk:(t— )d 2+ l+L £ )2 (3.25)
57 Eo(t) < 29 i s)ds - . (3.
From (3.18), (3.25), we deduce that

B8+~ E(t) < 292(t)+30(/0tk(t—5)ds>2+ (511+i) 1F 2. (3.26)

452

Put n = min {1, %} Then integrating (3.26) with respect to t, we get

2

E(t) < % {nE(O) + 2/; e*g*(s)ds + 3C /Ot e“s(/os k(s — r)dr) ds

€1+ 462 ! as 2 —at (327)
e ) € 1/ (s)[I"ds |e™*", ¥t > 0.
0
Using (H,), (Hs), we conclude that
E(t) < Ne™® vt >0, (3.28)

where

2

400 400 s
1 {nE(O) + 2/ e g?(s)ds + 30/ e™* (/ k(s — r)dr) ds
N 0 0 0

4 t ~
€1+ 52/ east(S)HQdS‘| < N.
46152 0

(3.29)
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From (3.18),(3.28), we have

Eo(t) < 2E(t) < 2Ne vt > 0. (3.30)
Hence, by putting N = 2N, we deduce from (3.30), that

[w ()11 + [lua(t)|[* < Ne™™, ¥t > 0. (3.31)

]

Now we will study the decays of both component u(t) and P(t) of solution
(u ) of problem (1.1)-(1.5). In order to investigate this, we modify
ome more assumptions as follows
ﬁl) UOEVﬂHz,Ule‘/,

Hs)  f, € L'Ry; L2) N L3Ry L2),
Hy) ¢ € L*R.):K W e L'R,), k(0) =0,
) There exists a constant 5 > 0 such that

o " ePg ()Pdt < oo,
2
0+°° Bt(fo K (t — s)ds> dt < +o0,

2P| (1) ||Pdt < +o00.

By Theorem 1 in [11], under assumptions (H,), (Hs) — (Hy), (Hs), (Hy) and
for any T" > 0, problem (1.1)-(1.5) has a unique weak solution (u, P) such
that

{u € L=(0,T;V N H?),u, € L¥(0,T; V), uy € L¥(0, T; L?), (332)

u € HQ(O,T),P € Hl(O,T).
Then we receive the lemma as follows.

Lemma 5. Let (H,), (Hy)— (Hy), (Hs), (Hy) hold. There is a unique solution
(u(t), P(t)) of problem (1.1)-(1.5) defined on Ry.

Moreover,

"+ [l @B)]2 < C, V>0
{uuwu + [l ()2 < €, vt > 0, (3.33)

| Pllpoeryy < C,

where 676 are positive constants independent of t.
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Proof. From (3.4) and (3.11), we have

t t
Hu’(t)|]2+Hux(t)||2+u2(1,t)+2/ |u'(1,3)\2d8+2)\/ o/ (s)|[2ds < C, ¥t > 0.
0 0
(3.34)

Now, by differentiating equation (1.1) with respect to ¢, multiplying by u”,
we receive after some rearrangements in which condition k£(0) = 0 is used,
that

X(t) =X (0) + K|u'(t)]* = K|l (0)|I” - 2/0 g'(s)u"(1, s)ds
+2/0 u”(l,s)(/ﬂs k’(s—T)u(LT)dT)ds (3.35)
—|—2/0 (fs(s),u"(s))ds

where

X(t) =l @) + e, (017 + ' (1, 1) + 2/ [u"(1, 5)|"ds
0 (3.36)

t
+ 2)\/ |lu”(s)]|*ds.
0

By assumptions (H,), (Hs), (Hs), (Hy), and the same method in Lemma 4,
we obtain

X(t)<C,vt >0, (3.37)

where C is a positive constant independent of .
In addition, we also have

{|P(t)l <Gt >0, 3.39)

[y |P'(t)[2dt < C,vt >0,

where C is a positive constant independent of ¢.
From (3.34),(3.36)-(3.38), we deduce that the solution (u(t), P(t)) of problem
(1.1)-(1.5) is defined on R, , and

1" []2 V2 < O Y >
{HU O + [Juz ()] < C,vE =0, (3.39)

1Pl e sy < C
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Next we obtain the following theorem.

Theorem 3. Let (H,), (Hs), (Hs), (Hy), (Hs)—(Hs) hold. The solution (u(t),
P(t)) of problem (1.1)-(1.5) decays exponentially to zero as t — ~+oc in the

following sense: there exist positive constant N . N and % such that

[l (D)2 + [l (£)]|* < Ne=#, vt > 0, (3.40)
| Pl peery) < Ne 7Vt > 0.
Proof. By using the following functional
['(t) = To(t) + (1), (3.41)
where
Lo(t) = lu" (@17 + lluz (017 + 1/ (1,2) %, (3.42)
Li(t) = (u'(t), u" () — 5lu'(1, t)]*. '

By using the same method as in Theorem 2, under assumptions mentioned
in the theorem, we obtain (3.40);.
In addition, we have

[P@)] < |u(1,8)] + [/ (1,£)] +

/Ot k(= s)u(1, 5)ds

+lg(t)]

(3.43)

t
< w1 + [lw @ +C’/0 k(t = s)ds| + |g(t)]-
From (3.14), we deduce that

lus(t)]] < VNe 24Vt > 0,
[l (t)|| < vV Ne=3t,vt > 0.

And we also have from (Hs), that

{rgw < Mye 3tvt >0,

(3.44)

(3.45)

o

"kt — s)ds| < Mye™5t,Vt > 0,
| Jo

where M, My are positive constants independent of ¢.
By putting N = max {\/N—l—Ml + M, V ]/\\7} and 7 = min {%, g}, we obtain

[Pl oomyy < Ne 7', Wt > 0. (3.46)
]

Remark. Studying the decay of the solution (u, P) in the case of both
K, )\ € R is still an open problem.
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