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Abstract

In this paper, we prove the well-posedness for a mixed nonhomoge-
neous problem of a semilinear wave equation associated with a linear
integral equation at the boundary.

1 Introduction

We investigate the following problem: Find a pair (u, @) of functions satis-
fying

U — () Uy + Fu,uy) = f(z,1),0 <z <1,0<t <T, (1.1)
u(0,t) =0, (1.2)
ey (1,8) = Q1) (13
u(z,0) = ug(x), ue(x,0) = uy(z), (1.4)

where F'(u, u;) = K|u[P"2u+ w9 *uy, p, ¢ > 2 with K, X are given constants
and ug, u, f, u are given functions satisfying conditions specified later, and
the unknown function u(x,t) and the unknown boundary value Q(t) satisfy
the following integral equation

Qt) = Ky(t)u(1,t) + M (t)u(1,t) — g(t) — /Otk(t —s)u(l,s)ds, (1.5)
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where g, k, K1, \; are given functions.

This problem is the mathematical model describing the shock of a rigid
body and the viscoelastic bar (see [1], [2],[8],[9],[10],[11]) considered by several
authors.

In [1], with F(u,us) = Ku + Aug, u(t) = a?, f(x,t) = 0, An, Trieu stud-
ied the equation (1.1); in the domain [0,(] x [0,7] when the initial data is
homogeneous, namely u(x,0) = u;(x,0) = 0 and the boundary condition is
given by

{u(l,t) =0, (1.6)

where £ is a constant.

In [6], Long, Dinh considered problem (1.1)-(1.4) with A\, (t) = 0, K;(t) =
h > 0,u(t) = 1, wherein the unknown function u(z,t) and the unknown
boundary value Q(t) satisfying the following integral equation

Q(t) = hu(l,4) — g(t) — /Otk(t—s)u(l,s)ds. (1.7)

We note that Eq.(1.7) is deduced from a Cauchy problem for an ordinary
differential equation at the boundary = = 1.

In [2] Bergounioux, Long and Dinh proved the unique existence for the
solution of problem (1.1), (1.4) with u(t) = 1, F(u, u;) is linear and the mixed
boundary conditions (1.2), (1.3) standing for

t
(0, 8) = hu(0,£) + g(t) — / k(t — $)u(0, s)ds, (1.8)
0
uw(lat) +K1u<17t> +)‘1ut(1vt) :Oa (19)
In [13] Santos studied the asymptotic behavior of the solution of problem

(1.1), (1.2), (1.4) in the case of F(u,u;) = 0 associated with a boundary
condition of memory type at x = 1 as follows

u(l,t) + /tg(t —s)u(s)uz(l,s)ds =0, t>0. (1.10)

In [8], Long, Dinh and Diem obtained the unique existence, regularity
and asymptotic expansion of the problem (1.1)-(1.4) in the case of u(t) =
1,Q(t) = Kiu(l,t) + Mw(1,t),u,(0,t) = P(t) where P(t) satisfies (1.7)
instead of Q(t).



In ([9],[10],[11]), Long, Ut and Truc gave the unique existence, stabil-
ity, regularity in time variable and asymptotic expansion for the solution of
problem (1.1)-(1.5) when F(u,u;) = Ku + Auy.

The present paper consists of two main parts. In Part 1 we prove a the-
orem of global existence and uniqueness of weak solution (u, @) of problem
(1.1) - (1.5). The proof is based on a Galerkin type approximation associated
to various energy estimates-type bounds, weak-convergence and compactness
arguments. The main difficulties encountered here are the boundary condi-
tion at x = 1 and with the advent of the nonlinear term of F'(u, ;). In order
to solve these particular difficulties, stronger assumptions on the initial con-
ditions ug,u; and parameters K, A will be modified. It’s remarkable that
the linearization method in the papers ([3], [7]) can’t be used in ([2], [5], [6]).
In the second part we show the stability of the solution of problem (1.1) -
(1.5) in suitable spaces. The results obtained here may be considered as the
generalizations of those in An and Trieu [1] and in Long, Dinh, Ut, Truc and
Santos ([2], [3], [5] — [13]).

2 The existence and uniqueness of the solu-
tion

First we introduce some preliminary results and notations used in this paper.
Put Q = (0,1),Qr = Q x (0,7),T > 0. We omit the definitions of unsual

fuention space: C™(Q2),LP = LP(§2), W™P(Q2). We denote WP = W™P((),
LP =W (Q), H" = W™2(Q), 1<p< oo, m=0,1,...

The norm in L? is denoted by || - ||. We also denote by (,-) the scalar
product in L? or pair of dual scalar product of a continuous linear functional
with an element of a function space. We denote by || - ||x the norm of a

Banach space X and by X’ the dual space of X. We denote by LP(0,T; X),
1 < p < oo the Banach space of the real functions u : (0,7) — X measurable,
such that

T 1/p
lll oo iy = (/ HU(t)\|’§<dt> <oo for 1<p<oo,
0

HUHLOO(O,T;X) = esssup ||u(t) x for p=oo.
0<t<T

Let u(t),u/(t) = gt(t),u”(t) = Uy (t), ug(t), up(t) denote wu(x,t)

%(1’7 t), %% (x,t), 5% (x,t), respectively.
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We put

V ={veH :v0) =0}, (2.1)
8u (91) Ou dv

—_— 2.2

alv,v) = 83; 83; / Ox 8wd (2:2)

Here V is a closed subspace of H' and on V, ||v||;: and [[v]|,, = v/a(v,v)

are two equivalent norms.
Then we have the following lemma.

Lemma 1. The imbedding V — C°([0,1]) is compact and

[vllcoqoay < llvllv, (2.3)
forallveV.

We omit the detailed proof because of its certainty.
The process is continued by making the following essential assumptions:

(Hl) Ka)\ Z 07

(Hy) uw € VNH? and u; € H',

(Hs) g, K1, A\ € HY(0,T), M\ (t) > Xo > 0,K,(t) >0,
(Hy) ke HY(0,T),

(H5§ p € H*(0,T), u(t) > po > 0,

(H f, fr € L*(Qr).

Then we have the following theorem.

Theorem 1. Let (Hy)-(Hg) hold. Then for every T > 0, there exists a
unique weak solution (u, Q) of problem (1.1)-(1.5) such that

we L>(0,T;V N H?) NLF(Qr),
up € L*(0,T;V) N LYQr), uw € L>(0,T; L?), (2.4)
u(l,-) € H*(0,T),Q € H'(0,T).

Remark 1. By L>(0,7;V) C L*(Qr) ¥p,1 < p < oo, It follows from
(2.4) that the component w in the weak solution (u, @) of problem (1.1)-(1.5)
satisfies

{uEOO(O,T; V)N CH0,T; L?) N L=(0,T;V N H?), (2.5)

up € L>(0,T;V).

Proof. The proof consists of Steps 1 — 4.
Step 1. The Galerkin approzimation: Let {w;} be a denumerable base of
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V' N H?. We find the approximate solution of problem (1.1)-(1.5) in the form

U (t) = Zcmj(t)wj’ (2.6)

where the coefficient functions c,,; satisfy the system of ordinary differential
equations as follows

(g, (1), w5) + () (e (), W) + Qua(t)w; (1) + (F (wm(t), 15, (1)), w5) (2.7)
= (f(t),w;),1 <j<m,

Qum(t) = K1(t)um(1,t) + M (t)ul, (1,t) — g(t) — /Ot k(t — s)um(1,s)ds, (2.8)

U (0) = ugm = Z QWi — Ug strongly in VN H?,
(2.9)
u, (0) = uyy, = Z Bmjw; — w1 strongly in  H'.

From the assumptions of Theorem 1, system (2.7)-(2.9) has solutions
(tm, Qm) on some interval [0, T,,,]. The following estimates allow one to take
T,, =T for all m.

Step 2. A priori estimates:
A priori estimates 1. Substituting (2.8) into (2.7), then multiplying the ;%
equation of (2.7) by ¢;,;(t) and summing up with respect to j, we get

5 O+ 500 s O + [0 (1,0) + MO0

_g(t)_/o k(t_‘g)um(l,s)ds}u;n(l,t)—l—<F(um,u;n)7u;n(t)> (2.10)

= (f (1), (1))

Integrating (2.10) with respect to ¢, we get after some rearrangements
Su(t) =Sin(0) + / mmm<ww+/K' 2 (1.5)ds
t
+2/ r(1,s d5+2/ (f(s),ul,(s))ds (2.11)
0

+2/0 " (/ k;(s—T)um(l,T)dT>ds,
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where

S () =l )I* + 12(t) ttma (D) + K (B, (1,2)

2K
+ 2 a0+ 2 [ ) s

t
2/ Ai(s)|ul, (1, s)|*ds.
0
Using the inequality
1
2ab < Ba’® + BbQ, Va,b € R, > 0,

and the following inequalities

t
Sn(t) > up (B + prollwma ()| + 2%/ [, (1, 5)[*ds,
0

S (t
(1.0 < m ey < luma)] < /222,

(2.12)

(2.13)

(2.14)

(2.15)

we shall estimate respectively the following terms on the right-hand side of

(2.11) as follows

[ s umetPas < L [ )18,
/K’ 1sds<—/|K’ )[Son(s)ds

t 1 ﬁ
2 (1, 8)ds < —llg|l? St
| in1.5)ds < Slalizom + 5 5n )

z/ot (1) (/0 B(s — T>um(1,7)d7> ds

<P

t

2 / ().t (5))ds < [[F12acgn) + / Syn(s)ds.

6
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—Sm —T||k||?2 / Sm(s)ds,
< (t) + G 1E1Z2 0,7y i ()

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)



In addition, from the assumptions (H;), (Hs), (Hs) and the embedding H'!
— LP(0,1), p > 1, there exists a positive constant C; such that

S (0) =l[wrml|* + 1(0) [woma |* + K1(0)ug, (1)

+ —2 2.21
lluoml|%, < Cy for all m. ( )
P

Combining (2.11), (2.12), (2.16)-(2.21), we obtain
s

1
Sm(t) <Cy + BHQH%?(O,T) + ||f”%2(QT) + )\—OSm(t)
; , ) (2.22)
+/[1+—Tk2 + — (| (s)] + | K7 (s)]) | S (s)ds.
i B 1El1Z2 0,7y uo(W( )+ 1K1()]) | Sm(5)
By choosing 3 = 22, it follows from (2.22), that
t
Sp(t) < MY + / NP ()8, (s)ds, (2.23)
0

where
1
My =2Cy + Elgl2e 0.z + 2012200
N (s >—2[1+A10Tukumw L +1K56)) |, (2.24)
N e LY(0,T).

By Gronwall’s lemma, we deduce from (2.23), (2.24), that

¢
Sm(t) < M}l)exp(/ N;l)(s)ds) < Cr, forall t € [0,T]. (2.25)
0
A priori estimates 11. Now differentiating (2.7) with respect to ¢ we have

(g (£), w5) 4 1(8) (U (), i) + ' () (U (1), W) + @1y ()5 (1)

+ (K (p — D)um[P"%ul, + Mg — D)|ul, |7 %ull, w;) = (f'(t),w;), (2.26)

forall 1 <j7 <m.
Multiplying the j* equation of (2.28) by Cmy; (), summing up with respect to
j and then integrating with respect to the time variable from 0 to ¢, we have



after some persistent rearrangements

Xon(t) =X (0) + 24 (0) (voma Uima) — 20" () (Uma (1), 2, (1))

=3 [ WP +2 1 (5) () ()
- 2/: (K7 (5) — k(O)] (L, 8)u (1, 5)ds
=2 [ 1K)+ X )1 1, ) .
+ 2/; W (1, 9) (g’(s) + /O K(s — T)um(m)m) ds
- K= Dl ()P4 (5), () ds
v2 [ (7)o
where
Xon0) = OIF + P +2 | txl<s>ru;;;<1,s>12ds -

0

() 5 () | ds.

—i—%(q—l))\/ot

q

From the assumptions (H,), (H,), (Hs), (Hg) and the embedding H'(0,1) —
LP(0,1), p > 1, there exist positive constants Dy, Dy depending on 1(0), ug, u1,
K, \, f such that

Xin(0) = [lum (011> + £(0) [ wama |
< 1(0) [[womaz|l + KHuOmHi;plf?
A waml|Faa—s + [ O] + 1(0)][t1ma || < Dy,

201" (0) {omas Utme) < 2|1 (0)]|Uome ||| t1me|] < Do,

(2.29)

for all m.
Taking into account of inequality (2.13) where (3 is replaced by (; and the



following inequalities

t
Xon(t) 2 H%(t)HQ+uoHu’m(t)H2+2Ao/ Jur (1, 5)[*ds, (2.30)
0
Si(t) C
[t (1, )] < Mum @)l co@y < lluma (D] < <\ (2.31)
Ho Ho
Xon (1)
[t (L 1)] < g ()l cog@y < Mima (D] < o (2.32)

we estimate, without any difficulties, the following terms in the right-hand
side of (2.27) as follows

=241 (8) (Uimar (), e (1)) < P1 X (1) + %}L(Q)CTIM'(MQ, (2.33)

C t
3 TQIIM”IIiz(O,T)Jrﬁl/ X,(s)ds, (2.34)
1Mo 0

2 / (5) (tn (3), ty (5))ds <
t/ !/ 2 i ¢ /S s S
3 / () 5 < = / ()| X (3)ds, (2.35)

_2/0 [K7(5) — k(0)] tm (L, ) (1, 5)ds

(2.36)
Cr / 2 ﬂl
< MHKI — k(O)lIz200m) + 2_>\0Xm(t)’
t
—2/ [K1(s) + N (s)]ul, (1, s)up (1, s)ds
0 S 5 (2.37)
2 ! 2 1
< [ IR0+ P Xns)ds + X, (0,
2/ u? (1,5) (g/(s) + /S K (s — T)um(l,T)dT) ds
0 5 0 ) c (2.38)
1 / T /
< P xn®)+ 2 19 B0y + LTI o |
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<20~ 1) [ ()=t 51 60
< 27’\/;_01 K (%) B /Ot X, (s)ds

t t
! 124 ]‘ li
2AuwmamwsmﬂxmeEwmmﬂ (2.40)
In terms of (2.27), (2.29), (2.33)-(2.40), we abtain that

Cr 2 OCr
Xm(t) <Di+ Dy + L))"+
() <Dy + Dot S (OF + 50
CT

1
ﬁ HK/ (O)H%%O,T) + EH]N”%?(QT
1 2
+ b (1 + K)Xm(t) + B {Hg,”%Q(O,T)
t
+ 2/0 [51 + _|M 5_<

252 7] o

By the choice of #; > 0 such that

(2.39)

//||

Iz £2(0,7)

Cr
o — Tk 701y (2.41)

s) + X (s)[%)

3 1
1+— ) <= 2.42
m(1430) <5 (2.42)
we receive
t
Xp(t) < MP (1) + | NP (s)Xn(s)ds, (2.43)
0
where

;

(2
M(t) = 2Dy +2Ds + 2| (1) + 32 o
+mva KO 0m + 21 oo
A9 a0y + SETIRNZ 01|

zﬁ%w-%+ﬁw@uﬁﬂm@+m@m

p—2

1
p—1 C oz
ek ()]

(NP e LY0,T).

(2.44)
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From the assumptions (H3)—(Hg) and the embedding H'(0,T) — C°([0,T)),
we deduce that

M2 @) < M2 forall t € [0, T, (2.45)

where M}Q) is a positive constant depeding on T', D1, Do, Cr, i1, 51,9, f, K1, \1.
From (2.43)-(2.45) and Gronwall’s inequality, we derive that

¢
Xn(t) < M}Q)exp</ N}?)(s)ds) < Dy foralltel0,T]. (2.46)
0

On the other hand, we deduce from (2.8), (2.12), (2.25), (2.28), (2.46), that

5D |
2o

5D
+ 228 (18 + X 16~ KO )

5T*Cr

Q012 0m) <53 IIAllZe + 112207y + 5119 I Z20.7)

(2.47)

0

Where ||)‘1||oo = ||)‘1||L°°(0,T)'
Taking into account assumptions (Hs), (Hy), we deduce from (2.47), that

|Qmllz107) < Cr  for all m, (2.48)

where Cr is a posistive constant depending only on 7.

Step 3. Limiting process. In the main results of (2.12), (2.25), (2.28),(2.46)
and (2.48), we conclude the existence of a subsequence of (u,,, @y,) still also
so denoted, such that

( Uy — U 1IN L>=(0,T;V) weak”,
Uy, — U N L*>(0,T; LP) weak”,
u — ' in L>(0,T;V) weak”,
u, —u in L*(0,T;L7) weak",
up, — " in L>®(0,T; L*) weak", (2.49)

Up(1,+) — u(l,-) in H?*(0,T) weakly,
[P — x1 in L0, T; LPP7Y)  weak®,
lul |92l — xy in L(0,T; LYY weak™,

\ Qn—Q in H'Y(0,T) weakly.

With the help of the compactness lemma of J.L. Lions ([4] : p.57) and the
embeddings H?(0,T) — H'(0,7), H'(0,T) — C°(0,T]), we can deduce
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from (2.49); 367 the existence of a subsequence still denoted by (up,, Qm)
such that

Uy, — u strongly in L*(Qr),
u, — u'  strongly in L*(Qr),

$ um(1,)) — u(l,-) strongly in  H'(0,7), (2.50)
u (1,-) — u'(1,-) strongly in [0, Y,
Qm — Q strongly in 0, 7).

\

The remarkable results of (2.8) and (2.50)3_4 help us to affirm that

Qm(t) =K (t)u(1,t) + M (0)u'(1,¢) — g(t) — /0 k(t — s)u(l, s)ds
= Q(t) strongly in C°[0,T].

(2.51)

On account of (2.50)5 and (2.51), we're enable to conclude that

Q(t) = O). (2.52)
By means of the following inequality
l|lz|%c—|y|*y| < (a+1)R*|x—y|,Vz,y € [-R, R] for all R > 0,a > 0, (2.53)

it follows from (2.31), that

‘|um|p_2um — |u|p_2u‘ <(p-— 1)Rp_2|um —ul,R = %. (2.54)
Hence, it follows from (2.54), (2.50);, that

[ [P Uy — |u[P~?u  strongly in  L*(Qr). (2.55)
By the same way, we're able to get from (2.53), with R = " L~ and (2.49)3,
(2.50),, that

lul P72l — |u[P"2u,  strongly in  L*(Qr). (2.56)
As a result, we deduce from (2.55), (2.56), that

F(tum,ul,) — F(u,u;) strongly in L*(Qr). (2.57)
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Passing to the limit in (2.7) — (2.9) by (2.49), 5, (2.51)-(2.52), (2.57), we have
(u, Q) satisfying the problem

(W (), v) + pu(t) (uz (), v2) + Q()0(1)

R Ju(®) P 2ult) + M (0)]7 (1), 0) (2.58)
— (J(t).0). Vo € V.
u(0) = ug, v’ (0) = uy, (2.59)
Q(t) = Ky (t)u(L £) + M (B)us(L 1) — g(t) — / Kt — s)u(L, s)ds,
(2.60)

in L?(0,T) weakly. Nevertheless, we obtain from (2.42)s, (2.57) and assump-
tions (Hs) — (Hg), that

1
f1(t)

Thus u € L™ (O,T VN Hz) and the existence of the theorem is proved
completely.

Step 4. Uniqueness of the solution.

We start this part by letting (u1, Q1) and (us, Q2) be two weak solutions of
problem (1.1)-(1.5) such that

[u" + F(u,w) = f] € L®(0,T; L?). (2.61)

Uge =

u; € L*(0,T;V N H?*) N LP(Qr),
u, € L*(0,T;V) N LYQr),uw/ € L>(0,T; L?), (2.62)
w(l,) € HX(0,T),Q; € H'(0,T) i=1,2.

As a result, (u, Q) which u = u; —ug, and Q = Q1 — Q5 satisfy the following
variational problem

(u"(t),v) + p(t){ue(t), vz) + Q)v(1)
+ K (Jur ()P Pua (t) — |ug(t )’p_g (t) v)

+ )\<|u1 NI2uh (t) — |uy(8)]7 2 v> =0 YwelV, (263)
u(0) =u/(0) =0,
and
Qt) = Ki(t)u(1,t) + M (t)u'(1,t) — /0 k(t — s)u(1, s)ds. (2.64)
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In the process of choosing v = «’ in (2.63);, and integrating with respect to
t, it results in

S(t) < /Ot (5 [ua(5)) ds+/ K(s)u?(1, s)ds

+ z/ot A1) (/Osk:(s - T)u(1,7)d7) ds (2.65)
=2 [ (2 s) = )5 5)) s,

where

S(t) =lju (t)H2 +p(t) Jus (B)]* + Ka(t)u?(1,1)

+2 [ M(s)|u/(1,8)2ds
0

(2.66)

Noting that

S(t) = lu' ) + pollus (0)]* + 2Ao/0 /(1 5)[*ds, (2.67)

u(L, )] < flu@)llcom) < llua(®)]] < \/ \/ o (2.68)

We again use inequalities (2.13) and (2.53) with o = p — 2, R = max;—1
||t || Lo (0,73v), then, it follows from (2.65)- (2 68), that

1 [ 3
S@<—/umu+m%mﬂmH~—a>
1% 2o
(2.69)
|kHL2(OT / S(r)dr + —( - 1)KRP2/ S(s)ds
0
Choosing (3 > 0, such that ﬁm < %, we obtain from (2.69), that
t
50 < [ al)se)s (2.70
0
where
a1(s) = 5 (1 lle + K (5)]) + Z Ikl T2 o) + 2 (0 — KR,
q1 € LQ(O,T).
(2.71)
By Gronwall’s lemma, we deduce that S = 0 and Theorem 1 is proved
completely. u
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Remark 2. In the case of p,q > 2 and K, \ < 0, the question about the
existence for the solutions of problem (1.1)-(1.5) is still open. However we
have received the answer when p = ¢ = 2 and K, A\ € R published in [11].

3 The stability of the solution

In this section, we assume that the functions ug, u; satisfy (Hy). By Theorem
1, the problem (1.1)-(1.5) has a unique weak solution (u, @) depending on
w, KN f, K1, )\, g, k. So we have

u= U([L, K7 >\7 f7 K17 )\1797 k)?Q = Q(H’a K7 )‘7 fa Kla )\1797 k)? (31)

where (u, K, A\, f, K1, A1, g, k) satisfy the assumptions (H), (Hs) — (Hg) and
ug, uy are fixed functions satisfying (Hy).
We put

%(/LO’)\O) = {(,ua K7)\7 f’ Kla)\laga k) : (/1'7 K7 )\a f7 K17>\1797 k:)
satisfy the assumptions (H), (Hs) — (He)},

where g > 0, \g > 0 are given constants.
Then there is a theorem as follows.

Theorem 2. For every T > 0, let (Hy) — (Hg) hold. Then the solutions of
problem (1.1)-(1.5) are stable with respect to the data (u, K, \, f, K1, A1, g, k),
i'e'y Zf (H: K> )‘7 f7 Kla )\17 9, k): (uja Kj7 )‘j> fja K{? )\]17 gj7 kj) €T (,u07)\0)7 such
that

| — N||H2(0,T) — 0,[K7 — K|+ [N — Al =0,

177 = Fll2p + I = Fill 2@y = 05
K7 — Kl“Hl(O,T) — 0, [[A1 = )‘1||H1(0,T) — 0,

g’ — g“Hl(O,T) — 0, [k — k”Hl(O,T) — 0,

(3.2)

as j — +oo, then
(ujuug'vuj<1a')7Qj) - (u7ul7u(17'>aQ) (33)

in L*(0,T;V) x L>(0,T; L?) x H'(0,T) x L*(0,T) strongly as j — +o0
where U; = U(#j>Kj7 Aj?fjv K{a )‘Jlagj7kj)7 Qj = Q(ijKja Aj?fjv K{a )‘jlagj7kj)'

15



Proof. First of all, we have that if the data (u, K\ f, Ky, )M\, 9, k;) satisfy

el 2oy <1 0SS K <K*, 0<A<AY
12 @py T N fell2opy < 5

1Koy < KT [ Aillgor < AL

< g5 < k7,

(3.4)

HQHHI(O,T) HkHHl(O,T)

where p*, K*, \*, f*, K7, A7, g%, k™ are fixed positive constants. Therefore the
a priori estimates of the sequences {u,,} and {@,,} in the proof of Theorem
1 satisfy

t
[ (O + pollma (B)]* + 2%/ [, (1, 5)|*ds < Mz, ¥t € 0,71, (3.5)
0

¢

i (O + pro |ty (D11* + 2>\0/ [t (L, 5)[*ds < Mz, ¥t € [0,T], (3.6)
0

||Qm||H1(07T) < Mr, (3.7)

where My is a positive constant depending on 7', uq, u1, fo, Ao, *, K*, X, f*,
( independent of pu, K, A\, f, K1, A1, g, k).

Hence the limit (u, Q) in suitable spaces of the sequence {(u,, @)} defined
by (2.6)-(2.8) is a weak solution of the problem (1.1)-(1.5) satisfying the es-
timates (3.5)-(3.7).

Now by (3.2) we can assume that there exist positive constants p*, K*, \*, f*,
K}, A}, g%, k* such that the data (pj,Kj, Aj,fj,K{,A{,gj,k:j) satisfy (3.4)
with (u, K, A, f, K1, M, 0.k) = (@, K9, N, f7, K], N, ¢7, k7). Then, by the
above remark, we have that the solution (u;, @;) of problem (1.1)-(1.5) cor-
resonding to (u, K, A\, f, K1, M, g, k) = (w/, K9, N, f7, K], N, g7, k7) satisty

t
[l (01 + polluza ()1 + 2>\o/0 [wj(1,5)[ds < Mp,¥t € [0,T],  (3.8)

WO + ol D1 + 220 [ 101, 9)Pds < M €071, (39)
1Qill 10y < Mr- (3.10)
Put
Bi=p—p K=K —K,  X=XN-)
=fi—f Ky=K—FK, XN =X-X, (3.11)
gi=9 -9 ki=K—k

16



Consequently, v; = u; —u, P; = @; — @ satisfy the following variational
problem

(05 (1), v) + u(t)(Vja(t), va) + Pi(t)v(1)

+ K (g P~y — a2, v) + A (Jug g = [T v)

= (f50) — 5 (1) (wu(t), va) — K {[ulP~2u, v) — A" ,v) Vo €V,
v;(0) = v}(0) =0,
(3.12)

where
Pi(t) = Q;(t) — Q)

= Ki(t)v;(1,1) + M (t)ve(1,) — /Otk(t_ 0L, 8)ds — 30 (3.13)

g;(t) = ’gvj(t)—f?lj(t)uj(lat)—/\Nlj(t)th(lth/O kj(t—s)u;(1,s)ds. (3.14)

Substituting P;(t) into (3.12), then taking v = v} in (3.12);, afterwards
integrating in ¢, we obtain

S0 < [Nl [ K0
+2/0tv}(1,7)d7/07k‘(7—s)vj(l,s)ds+2/Ot<f;-,v;(s)>ds
R, /Ot<|u|p—2u,v;<s)>ds—zxj /Ot<|u'|q—2u',v;(s)>ds (3.15)
#2 [ )0 9hds =2 [ ) s, 1 61

t
—NQA<W#”w—MM”w%®D%

where

Si(®) =[O + p(®) v (O + K)o (1,1)

t ) (3.16)
+2/ M) (1, 5)Pds.
0
Using the inequalities (2.12), (3.8), (3.9) and
t
S;i(t) = o5 ()II* + pollvsa()II* + 2>\o/ |u3(1, 5)|ds, (3.17)
0

17



then, we can prove the following inequality in a similar manner

ﬁ L. 2 72 1 ~ 112
Sa(t) <=8:(t) + =9 : —T My
i(t) SV () + ﬁHgJHLQ(O,T) + 1 fillz20r + o /|75

~ 12 M\
& 4r(2E) R
! 2 1 2
+ 44+ + 5Tk
[ 4 5T

K /
o= DR K|S,
for all 5> 0and t € [0,T].

Choosing (3 > 0 such that /\% < % and denoting

(3.18)

2
HQJHB(OT +2HfJHL2 + 1o TMTHILLJHOO
M\ ~ M\ ~
+2T(—T) ij\2+2T<—T) N2
Ho Ho

2K~

N/

(3.19)

¢(s) = [4+||M [ +LT||]€HL20T)+ (p=1)RP*+|K(s)]|. (3.20)

Bro
Then from (3.18)-(3.20) we have

)< R+ / é(s (3.21)
By Gronwall’s lemma, we obtain from (3.21) that
~ t ~
S;(t) < Rjemp(/ ¢(s)ds) < Dg})Rj, vt € [0, 7], (3.22)
0

where D(T1 ) is a positive constant.
On the other hand, using the imbedding H'(0,T) — C°([0,T7), it follows
from (3.13), (3.14), (3.17), (3.19) and (3.22) that

I1Pjl 22 (0,1) <<\/ 1K1 lloo + \/—||)\1||oo
* \ #o ||’f||L2 0T)> v D' R; + 191l 20,1y

18
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~ 2. ~ 2 ~
&SﬁMmMm+wmmwﬁjJMﬂWmWﬂ

p ~
+2T(%> = +2T<MT) Al (3.24)
Ho Ho

< D (18l + 1l + Il + 1R+ ).

N ~ TM
15l 201y < ngHHl(O,T) + THKlJHHl(o,T)
My~ T M
+ 2_)\7(;||/\1j||H1(0,T) + THk HHl(OT) (3.25)

< D <||g]||H1 0,1) T HK1JHH1 0,7)
1l + Bllnon ).

Finally, by (3.2), (3.11) and the estimates (3.22)-(3.25), we dedude that (3.3)
holds. Hence, Theorem 2 is proved thoroughly. O
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